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Abstract. It is shown that if a space-time has non-compact Cauchy 
surface, then its topological, differentiable, and causal structure are 
completely determined by a class of compact subsets of its Cauchy 
surface. Since causal structure determines its topological, differen- 
tiable, and conformal structure of space-time, this gives a natural 
way to encode the corresponding structures into its Cauchy surface. 



1. Introduction 

By causality we refer to a general question of which events can influence a 
given event and it is one of the major areas in Lorentzian geometry, which 
gives mathematical tools for global analysis in our space-time. Initially, 
attention was focused on the concept of causality violation since, in 1949, 
Godel proposed a solution of Einstein's field equation, which contains a 
closed causal curve. (Ref. pQ) In 1964, when Zeeman (Ref. [5]) has shown 
that the causal structure of Minkowski space-time already implies it linear 
structure, a new direction of investigation was pointed out. In a particular 
space-time, causality may be trivial, but under fairly mild conditions, it 
is closely related to fundamental geometric properties. For example, it is 
well-known that the Alexandrov topology A, which is defined only in terms 
of causality, agrees with the given manifold topology if and only if strong 
causality condition holds. Furthermore, it is known that if two space-times 
have the same causal structures, then they are diffeomorphic and isometric 
up to a conformal factor. (Ref. [3], [I], [5]) 

In this sense, causal structure of our space-time gives the most important 
information of our space-time. Among the hierarchy of causality conditions, 
the most stringent condition is global hyperbolicity, of which the definition 
is that there exists a hypersurface such that every inextendible timelike 
curve must meet the hypersurface exactly once. We call such a surface as a 
Cauchy surface. In fact, global hyperbolicity was invented for dealing with 
hyperbolic differential equations on a manifold and is the natural condition 
to impose to ensure the existence and uniqueness of solutions of hyperbolic 
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equations. (Ref. [B] and Chapter 10 of Ref. [7]) This condition has also 
been used in the study of gravitational fields and in initial value problems. 

In view of this, since any timelike curves must meet Cauchy surface 
exactly once, it is natural to expect that the information of basic struc- 
tures of a given space-time can be encoded into its Cauchy surface in a 
way. In this paper, it is shown that, if a space-time is globally hyperbolic 
with non-compact Cauchy surface, then its topological, differentiable, and 
causal structure can be encoded into its Cauchy surface. By use of this, it 
is shown that, for given two space-times with non-compact Cauchy surfaces 
£ and if there exists a function / : S — > £' such that / preserves the 
information which will be defined in this paper, then the two space-times 
are homeomorphic, diffeomorphic, and they are conformally isometric. In 
conclusion, since we can assume that Cauchy surface is spacelike hypersur- 
face, we can say that the information of spacelike structure can determine 
the whole structure of its space-time, if the space-time has a non-compact 
Cauchy surface. 

2. Basics on causality theory 

By a space-time M , we mean a smooth, connected, Hausdorff n-dimensional 
Lorentzian manifold with signature (—,+,■■• ,+). We also assume that M 
is time-oriented. We define v S T p M to be timelike (null, spacelike, resp.) 
if its inner product with itself is less than (equal to, greater than, resp.) 
zero. A smooth curve with non-zero tangent is said to be timelikc if its 
tangent is everywhere timelike and causal if the tangent is timelike or null. 
If there is a future-directed timelike curve from p to q, we write p <C q 
and we say that q is a chronological future of p or p is a chronological past 
of q. If there is a future-directed causal curve from p to q, then we write 
p < q and we say that q is a causal future of p or p is a causal past of 
q. The relation "p < q but not p -C q" is written p — > q and is termed 
horismos. We define a causal curve to be future-inextendible if it has no 
future endpoint and to be past-inextendible if it has no past endpoint. We 
define a subset S C M to be achronal if no two points are chronologically 
related. The following is the basic property of causal relations. 

Proposition 2.1. (i) If x < y and y ^ z, then x <C z. 
(ii) If x <C y and y < z, then x <C z. 

(Hi) If X — » y, then there is a null geodesic from x to y without conjugate 
points. 

Definition. The set I + {x) = {y G M \ x <C y} is called the chronological 
future of x; I~(x) = {y 6 M \ y <C x} is the chronological past of x; 
J + {x) = {y G M | x < y} is the causal future of x; J~(x) = {y G M | y < 
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x} is the causal past of x. The chronological or causal future of a set S C M 
is defined by I+{S) = \J I + (x), J + (S) = (J J + (x), respectively. 

xeM x£M 

It is known that I + (p) is always open and d J~ (p) is achronal of which 
the proof can be found in Ref. 0, |], [TU]. We turn next to the possibil- 
ities involving causality violations in space-times. If M contains a closed 
timelike curve, then an observer could take a trip from which he returns 
before his departure. In fact, it is known that causality condition has a 
intimate relation with the topology of space-time. For example, we can 
show that any compact space-time must have a closed timelike curve by 
the use of the fact that I + (S) is always open. In connection with this, a 
number of causality conditions have been introduced in general relativity 
and we present some of them which will be used in this paper. Space-times 
which do not contain any closed timelike curve are said to be chronological. 
A space-time with no closed nonspacelike curves is said to be causal. A 
space-time is said to be distinguishing if for all points p and q in M, either 
I + (p) = I + (q) or I~(p) = I~(q) implies p = q. In a distinguishing space- 
time, distinct points have distinct chronological futures and chronological 
pasts. Thus, points are distinguished both by their chronological futures 
and pasts. A space-time is said to be strongly causal at p if p has arbitrarily 
small neighborhood U such that no nospacelike curve intersects U in a dis- 
connected set. Note that if M is distinguishing and p 6 M, then p has an 
arbitrarily small neighborhood U of p such that any timelike curve from p 
can not intersects U in a disconnected set, whereas if M is strongly causal, 
then any timelike curve starting from any points in U can not intersect U 
in a disconnected set. 

Since I + (p) is open, I + (j>) nl~(q) is open for any p and q in M . We can 
show that the sets of the form I + (p) (~l I~ (q) defines a basis for a topology 
on M, which we will call the Alexandrov topology of M.If a space-time M 
is strongly causal, then we can state the close connection with the topology 
of M and its causal relation as the following well-known theorem shows. 

Theorem 2.1. The fallowings are equivalent. 

(i) M is strongly causal. 

(ii) The Alexandrov topology agrees with the manifold topology. 
(Hi) The Alexandrov topology is Hausdorff. 



Proof. See Theorem 4. 24. in 0. □ 

We say that J + is inner continuous at p 6 M if for each compact set 
K C I + (p), there exists a neighborhood U of p such that K C I + {q) 
for each q g U. We also define the set- valued function I + to be outer 
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continuous at p 6 M if for each compact set K C M — I + (p), there exists 
some neighborhood U of p such that K C M — / + (<?) for each q <E U. 

A distinguishing space-time is said to be causally continuous if the both 
J + and I~ are outer continuous. Since I + and I~ are always inner continu- 
ous (Ref. the causally continuous space-times are those distinguishing 
space-times for which both the chronological future and past of a point vary 
continuously with the point. 

One of the most important causality condition which we will discuss in 
this paper, is global hyperbolicity. Globally hyperbolic space-times have 
the important property, frequently invoked during specific geodesic con- 
structions, that any pair of causally related points can be joined by a causal 
geodesic with maximal length. 

Definition. A distinguishing space-time M is causally simple if J + (p) and 
J~{p) are closed subsets of M for all p € M. A space-time M is globally 
hyperbolic if M is strongly causal and J + (p) D J~ (q) is compact for any p 
and q in M. 

We summarize the relations between the various causality relations in 
the following theorem. [5], [§], [E] 

Theorem 2.2. Let M be a space-time. Then the fallowings hold. 

(i) If M is globally hyperbolic, then M is causally simple. 

(ii) If M is causally simple, then M is causally continuous. 
(Hi) If M is causally continuous, then M is strongly causal. 

(iv) If M is strongly causal, then M is distinguishing. 

(v) If M is distinguishing, then M is chronological. 

It is known that a space-time M is globally hyperbolic if and only if there 
exists an (n — 1) dimensional hypersurface £ such that every inextendiblc 
timelike curve meets E exactly once. This implies that the surface must 
be achronal and we call the surface a Cauchy surface. Though a Cauchy 
surface must be achronal, it is shown that if M is globally hyperbolic, then 
M has a spacelike Cauchy surface. Since we assume that M is globally hy- 
perbolic with non-compact Cauchy surface S in this paper, we can assume 
that the non-compact Cauchy surface S is spacelike. 

Definition. Let S be an achronal subset of M. The edge of S is a set of 
points x such that for every neighborhood U of x, there are two points y 
and z in U and two timelike curves in U from y to z, just one of which 
meets S. 

By the above definition, it is easy to see that if S is achronal, we have 
S — S C edgeS C S. 
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Proposition 2.2. Let S C M be achronal. Then p ^ edgeS if and only if 
there is a neighborhood U of p such that S DU is an achronal boundary in 
the space-time manifold U . 

Proof. See Proposition 5.8 in [8] □ 

By the above proposition, it is easy to prove the following. 
Corollary. // S is achronal, then edgeS is closed. 

Proposition 2.3. Let S be achronal, then the followings hold. 

(i) S is a topological hypersurface if and only if S H edgeS = 0. 

(ii) S is a closed topological hypersurface if and only if edge S is empty. 



Proof. See Chapter 14 in [10] □ 

Proposition 2.4. Letx be in dL~ (S) — S . Then there exists a null geodesic 
on dI~(S) with past endpoint x, which is either future-inextendible or has 
a future endpoint on S. 

Proof. Since x £ dI~(S), we can choose a sequence {x,} in I~(S) which 
converges to x. Since {x{\ £ I~(S), we can choose a sequence {p{\ in S 
such that there is a timclike curve 7, from Xi to p.;. Let 7 be a limit curve of 
7, . Then 7 is a future directed causal curve from x to S. If 7 is timelike at 
a point, then x £ I~(S) — I~(S), which contradicts to s £ dI~(S). Thus 
7 is a null geodesic. Suppose that 7 is not inextendible. Then, it has a 
future endpoint y in dI~(S) since dI~(S) is closed. If y S we can apply 
the above argument to get another null geodesic which does not continue 
7. Since these two null geodesies have different directions, this contradicts 
to the achronality of dL~(S). □ 

3. Causally admissible slice 

Throughout this section we assume that M is a space-time with a non- 
compact Cauchy surface E. 

Definition. A subset S of a Cauchy surface E is called a future admissible 
set or future admissible slice (past admissible, respectively) if there is p 
in M such that S = J~(p) n E (S = J+(p) n E, respectively). We call 
future admissible sets and past admissible sets as causally admissible sets. 
If S p — J~(p)nT, (S p — J + {p) HE, respectively), we call p a representative 
point of Sp. 

Since the same properties hold for past admissible sets, we only inves- 
tigate the properties of future admissible sets in this section. For given 
p £ J + (E), let Sp = J-{p) n E and 5° = I'ip) n E. Then, since M 
is globally hyperbolic with non-compact Cauchy surface, S p is a compact 
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subset of £ and £ — S p / for any p E M. Since edgeS is a closed sub- 
set of compact S p , edgeS is also a compact subset of M. We state some 
properties of S p and S° which will be used later. 

Proposition 3.1. If M is globally hyperbolic with a Cauchy surface £, 
and S cS, then edgeS is the same with the set of boundary points of S in 
£. 

Proof. The proof of edgeS C dS is almost trivial. Let i be a boundary 
point of S in £. Let U be a neighborhood of x in M . Since M is strongly 
causal, we can choose an Alexandrov basis I + (p) fl I~(q) of x such that 
fl I~(q) C C7. Since £ is a boundary point of S in £, we can choose 
yi E S and j/2 G £ — 5 in / + (p) fl J - (g) . The existence of a timelike curve 
from p to q through y\ and a timelike curve from p to q through yi implies 
that x G edgeS. □ 

From the above proposition, we can see immediately that edgeS — 
edge{Yi — S) and edgeS p = if and only if S p = £. We also state some 
corollaries. 

Corollary. // £ is non-compact, then edgeS p and edgeS° are not empty 
for each p G I + (E). 

Proof. If edgeS p — 0, then by the above proposition, we have dS p = and 
thus we have S p = E, which is a contradiction since S p is compact and 
E is not. If edgeS" = for some p G / + (E), then 5° is closed by (ii) of 
Proposition ^. 31 Since S° is also open and E is connected, we have S° = E. 
This implies that S p = E, which is a contradiction. □ 

Corollary. edgeS p C dl~ (p) — dJ~ (p) 

Proof. Let x be in edgeS p and U be any neighborhood of x in M. Since 
edgeS p C S p — S p , U contains a point of J~(p). Since M is globally 
hyperbolic, the closure of I~(p) is the same with J~(p). Thus, U contains 
a point in I~(p). By the previous proposition, a; is a boundary point of S p 
in E and so U contains a point of E — S pi which is not in I~(p). □ 

Lemma 3.1. If x E edgeS p , then x — * p and thus there exists a future- 
directed null geodesic from x to p. 

Proof. Since S p is closed, we have x G S p and x < p. If a; <C p, then 
there exists a neighborhood U of x such that y <C p for all y G U since 
the relation <S is open. This implies that U D E is an open neighborhood 
of x in E such that U HE C S p , which is a contradiction to the fact that 
x G edgeS. Thus, x — > p and we have a desired null geodesic. □ 

In Proposition 12. 4[ we have seen that the boundary of a past set is 
generated by null geodesies. When M is globally hyperbolic, we can state 
the result more precisely as the following. 
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Lemma 3.2. Let M be globally hyperbolic with a non- compact Cauchy 
surface E and x G dI~(S) — S with S C E. Then there exists a future- 
directed null geodesic from x with future endpoint in edgeS . 

Proof. By Corollary 3. 32 in Reference [H] and by Proposition ^. 4[ there is 
a future-directed null geodesic 7 from x to y G S. It remains to show that 
y G edgeS. Assume that y ^ edgeS. Then by the definition of edge, we 
can choose a neighborhood U of y such that if a is a timelike curve in U 
from Z\ G U to Z2 G U, then any other timclikc curve from z\ to z^ must 
meet S* if and only if a does. If we choose a point z\ in J7 PI 7 _ (y), then 
since ?/ G £, an open neighborhood n/ - ^) of y contains a point in 

S 1 for some suitably chosen Z2 G U P\I + (y) . Then we get the timelike curve 
a from z\ to Z2 through a point in S*. Therefore, every timelike curve in 
U from z\ to Z2 must meet S. Since y is the future endpoint of 7, there 
is t such that 7(to) G ^ + (^i) H /"(^a) and 7 (to) V- If we consider a 
future directed timelike curve from z± to 7 (to) followed by a timelike curve 
from 7(to) to Z2, then it must meet 5* and we have x G I~(S). This is a 
contradiction to the fact that x G dI~(S). □ 

If S 1 is a future admissible set, then there is a point p such that S = 
J~(p) HS. It is natural to ask whether such a realizing point p can be 
uniquely determined. It is easy to see that in two-dimensional Einstein's 
static universe which has a compact Cauchy surface, there are infinitely 
many points such that J~{p) n E is the whole of E. However, the next 
proposition tells us that such a point can be uniquely determined if E is 
non-compact. 

Proposition 3.2. 7/E is non-compact and S p = S q , then p = q. 

Proof. We assume that p ^ q and denote S p — S q by S. Since I~(S) ^ 
I~(E), we can choose y G dI~(S) — S and we must have y G dl~(p) and 
y G dl~(q) since S p — S q . Then by Lemma \'3.2\ there is a null geodesic 
j x from y to x G edgeS which generates dI~(S). Since x G edgeS, by 
Lemma 13. 1[ there are two null geodesies 7 P and 7^ from x to p and q, 
which generates dl~{p) and dl~(q), respectively. Let us assume that the 
tangent vectors of 7 P and 7 9 have different directions at x. If j x and 7 P does 
not constitute a single null geodesic, then we have y -C p which contradicts 
to the fact that y G dI~(S). Thus 7^ and 7 P constitute a single null 
geodesic. However, this implies that 7^ and 7 g does not constitute a single 
null geodesic since 7 P and j q have different directions at x and thus we 
have y <C q. This is a contradiction to ?/ G dl~(q). Therefore, j p and 7 g 
must have the same direction at x. Since the two curves are geodesies with 
the same initial direction, we can treat them as the same null geodesic and 
we denote the geodesic by 7. By the same argument we can choose another 
x' G edgeS and two null geodesies 7^ and 7^ from x' to p and q. By the 
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same reason as above, 7^ and 7^ must have the same initial direction. We 
denote the null geodesic by 7'. Without loss of generality, we can assume 
that 7 and 7' meet at p first. If we follow the curve 7 from x to p and 
the curve 7' from p to q, we must have that x <C q since 7 and 7' have 
different directions at p. This again gives a contradiction to the fact that 
x S <9/~ (g) . This contradiction stems from the assumption that p ^ q and 
we must conclude that p = q □ 

Proposition 3.3. S p =~S p T 

Proof. Clearly, 5° C S p and thus S° C S p = S p since S p is closed. Con- 
versely we show that S p C S°. Let x G 5 P , then x < p. If a; <C p, then 
1 6 S° C Sjj. If x and p does not satisfy x -C /J, then we have a; — > p. 
This means that a; G dJ~(p). Since M is globally hyperbolic, we have 
J~(p) = I~(p) and thus any neighborhood of x contains a point of I~(p). 
Let [7 be any neighborhood of x such that no causal curves intersect U 
in a disconnected set and I + (y) H I~(z) be an Alexandrov neighborhood 
of a: such that fl / _ (^) C U. Then fl /~(z) contains a point 

y' in I~(p) and we get a timelike curve 7 from p to y through y' . Since 
y G I~{x) and x G E, 7 must meet E in I + (y) fl /^(z) G C/. This means 
that [7 n 0. □ 



In Proposition 13.21 we have shown that the representative point of a 
future causally admissible set is unique. By the above proposition, we can 
see immediately that the same result holds for S°. 

Corollary. If S° = S°, then p = q. 

Proof. By taking the closure in both sides of 5° = S° , we get S p = S q by 
the above proposition. By Proposition 13.21 we have p = q. □ 



In Proposition 13. II we have shown that edgeS p is the same with the set 
of boundary points of S p in E. Since S p = S° the above proposition implies 
that S° U edgeSp = S p and S p — edgeS p = 5° in E. Thus, we have the 
following proposition. 

Proposition 3.4. If x £ S p — edgeS p , then there exists a future directed 
timelike curve from x to p. 

Proof. By the above argument, we have S p — edgeS p = S° and the result 
follows. □ 

Lemma 3.3. Let A and B be proper subsets of a topological space. If 
Ac B and dAtldB = 0, then A c intB. 



Proof. Assume that 3x G A — intB. Then for any neighborhood U of x 
contains a point z ^ B by the definition of interior. Since x G A C B, we 
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have x G dB. Since z B and A C B, we have z ^ A and thus x G A 
implies that a; € <9A This contradicts to OA n <9£? = 0. □ 

Proposition 3.5. //5 P C £ q and edgeS p (~l edgeS q — 0, ifien S p C S°. In 
other words, every point in S p can be connected by a timelike curve to q. 

Proof. Since edgeS p fl edgeS q = 0, Proposition 13. II gives SSp n dS q = in 
the space E. By Lemma 1331 we have 5 P C intS q = S°. □ 

4. Properties of causally admissible slices 

In the previous section, we have defined and investigated some proper- 
ties of causally admissible sets, which are the building blocks for encoding 
the geometric information of space-time into its Cauchy surface. In this 
section, we show how the causally admissible sets can be used to encode the 
information. By the same reason, we investigate and state the properties of 
future admissible slices since the same properties hold for past admissible 
slices. 

Proposition 4.1. If p < q, then S p C S q . 

Proof. Let x G S p then, by definition, we have x < p. Since p < q, by the 
transitivity of the relation <, we have x < q. This implies that x € S q and 
the proof is completed. □ 

For chronological relation <C, we have one more condition that edgeS p C\ 
edgeS q = 0, as the following proposition shows. 

Proposition 4.2. If p <C q, then S p C S q and edgeS p D edgeS q — 

Proof. It is clear that S p C S q . If S p = S q , then S p = I~{q) H S since 
S p = J-{p) (~l E C I~(q) n E C J~(q) l~l E = S q . This implies that S p 
is open in E. Since S p is closed in E and E is connected, we must have 
S p = E which is a contradiction. 

If there exists x in edgeS p n edgeS q , then by Proposition 13.11 we have 
x —>■ p and x q. However, since p -C q, we have i«g which contradicts 
to a; — * q. □ 

By the above Proposition and Proposition 13. 5[ we can see that the set 
S p strictly increases as p goes to its chronological future. 

One of the goals of this section is to show that the converses of the above 
two propositions are also satisfied. To this end, we need another tool, the 
concept of domain of dependence. 

Definition. The future domain of dependence of S, D + (S), is the set of all 
points p such that every past-inextendible timelike curve from p intersects 
S. The past domain of dependence D~(S), is defined in a similar way by 
interchanging the roles of past and future. The domain of dependence of S 
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is the set D (SO = D + (S)UD~(S). The future Cauchy horizon of S, H+ (S), 
is defined as H+(S) = {x \ x E D+{S) and I+{x)nD+{S) = 0}. The past 
Cauchy horizon, H~(S), is defined in a similar way by interchanging the 
roles of past and future. The Cauchy horizon of S is the set H(S) = 
H+{S)UH-{S). 

In terms of domain of dependence, it is easy to see that M is glob- 
ally hyperbolic if and only if there exists an achronal hypersurface E such 
that -D(E) = M. The followings are well-known properties of domain of 
dependence and the proof can be found in Ref . [8] , [10] . 

Proposition 4.3. Let S be achronal and closed. Then the followings hold. 

(i) D + (S) is closed. 

(ii) H + (S) is achronal and closed, 
(tii) dD+(S)=H+(S)US. 

(iv) dD(S)=H{S). 

(v) I+{edgeS)C\D+{S) = $. 

We now investigate relations between J~(p) and D + (S P ). 

Proposition 4.4. If we let S p = J~{p) n E, then p E H + (S P ). 

Proof. It is easy to see that p E D + (S) and we omit the proof. Assume 
that p £ H + (S P ). Then there exists x in D + (S P ) such that pCi. Since 
p <C x, by Proposition 14.21 and Proposition 13.51 we have S p C S° C S x . In 
other words, there exists a past-directed timelike curve from x that does 
not meet S p , which is a contradiction to £ G D + (S P ). □ 

Proposition 4.5. If M is globally hyperbolic with Cauchy surface E, then 
D+(S) n I+(S) = I+(S) - I+(edgeS) for anySdZ. 

Proof. To show the inclusion D+(S) n J+(5) C 7+ (5) - I+{edgeS) is easy 
from (v) in Proposition 14.31 To show the reverse inclusion, let us assume 
that there exists x in I + (S) such that x ^ D + (S). Then, there exists a 
past-inextendible timelike curve 7 from x that does not meet S. Since 7 
is inextendible and M is globally hyperbolic, 7 must meet E at a point 
in E — S. Thus, 7 must meet dI + (S) at y, say. By Lemma |3.2[ there 
exists a null geodesic from y to a point in edgeS. Then the curve 7 from 
x to y joined with null geodesic from y to the point in edgeS implies that 
x G I + (edgeS) and the proof is completed. □ 

Lemma 4.1. If M is globally hyperbolic, then the relation < is closed. 

Proof. See the Lemma 22 of Chapter 14 in Ref [TU]. □ 

Proposition 4.6. Let x E H + {S) - S with S = S p for some p E / + (E) 
where E is a Cauchy surface. Then there exists a null geodesic on H + (S) 
from x to a point in edgeS . 
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Proof. Let {xi} be a sequence in I + (x) such that Xi+i <C Xi and Xi con- 
verges to x. Then, since x € H + (S), X{ D + (S). By Proposition 14. 5[ 
for each xt, there exists yi in edgeS such that ?/, <C £i. Since edgeS is 
compact, without loss of generality, we can assume that there exists a 
point y G edgeS, such that converges to y. Since yi <C Xi and M is 
globally hyperbolic, we have y < x by the above lemma. If y <C x, then 
x G I + (edgeS), which contradicts to a; £ D + (S). Thus, we must have 
y x and we get a null geodesic r). It remains to show that every point 
on r\ lies on H + (S). Let z be a point on the null geodesic r\. Let [/ be a 
neighborhood of z that lies in / + (5*) . Then any chronological future point 
of z in U must be in I + (edgeS), which is is not in D + (S) by Proposition 
14.51 Let z' be a point in U such that z' « z. Then z — > a; implies that 
z' <C £. Let 7 be a timelike curve from itoz'. Then, since z' G U C I + (5'), 
7 does not meet E. Thus any past incxtcndiblc timclike curve 7' from z' 
must meet S 1 since 7 U 7' is a past inextendible timelike curve from x and 
x G H + (S). That is to say, any neighborhood U of z contains points in 
D+(S) and not in D+(S). Therefore, we have z G dD+(S) = H+(S) U S, 
and z G □ 

In Proposition 12.41 we have seen that for x G d J~ (p) , there exists a 
future-directed null geodesic from x to p which generates dJ~(jp). If we 
extend the generating null geodesic to the past, we can not assure that 
the geodesic be on dJ~(p) as in the case with two-dimensional Einstein's 
static universe. However, in the following theorem, we show that if the 
generating null geodesic is extended to the past beyond x, it must reach 
the point in edgeS p if E is non-compact, which plays the key role for the 
proof of converses of Proposition 14. II and Proposition 14.21 

Theorem 4.1. Let M be globally hyperbolic with non-compact Cauchy sur- 
face E. For p G / + (E), let S p — J~(p) H E. Then, for any x G dJ~(p), 
there exists z' in edgeS p such that z' — > x — > p constitute a single null 
geodesic. 

Proof. Choose a sequence {pi} in I + (p) such that pi+\ <C Pi and pi con- 
verges to p. Then by Proposition 14.41 each pi ^ D + (S P ). Since x — > p and 
p <C Pi, we have x <C Pi and thus we can choose a past directed timelike 
curve cti from each pi to x. Since pi D + (S P ) and x G D + (S P ), the curve 
on must meet H + (S P ) at, say, Zi. By Proposition 14.61 we get another se- 
quence {z'j} in edgeS p such that z,' — » Zj. Since edgeS p is compact, there 
exists a point z' in edgeS p such that z^ converges to z'. For the sequence 
{zi}, since each z% is in J + (x) (~1 J~(pi) which is compact, there exists a 
point z in J + {x) D J~(p\) such that z, converges to z. Since H + {S P ) is 
closed and Zj G H + (S P ), we have z G H + (S P ) C D + (S P ). Since z 2 ' < z^ and 
M is globally hyperbolic, we have z' < z by Lemma [4.11 If z' <C z, then 
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z G I + (edgeS p ) which contradicts to Proposition 14.51 since z G D + (S P ). 
Therefore, we must have z' — ► z. Likewise, z^ <C p^ implies that z < p. If 
z <C p, then this contradicts to the achronality of H + (S P ). Therefore we 
must have z — > p. 

We have shown that z' — > z and z — > p. If the corresponding two null 
geodesies from z' to z and from z to p have different direction at z, then 
we have z' <C p, which contradicts to Lemma 13.11 Therefore the two null 
geodesies constitute a single null geodesic. This implies that z G dJ~{p). 
Ji x = z, then we have the desired null geodesic z' — > z = x — > p. Now let 
us assume that x z. Since x < Zj and M is globally hyperbolic, we have 
x < z by Lemma 14.11 If a; <C z, then this contradicts to the achronality 
of dJ~(p) and thus we have x — » z. If two null geodesies from X — > z and 
z — ► p have different direction at z the, we have a; <C p which contradicts 
to x — > p. Thus, two null geodesies x — > z and z — -> p constitute a single 
null geodesic. By the uniqueness of geodesies, we have z' — > x — * z — > p, 
which constitute a single null geodesic and the proof is completed. □ 

Now we are in a position to prove the converse of Proposition 14.11 and 
Proposition 14.21 

Proposition 4.7. If S p C S q for p and q in J + (S), then p < q. 

Proof. Assume that p ^ J - (g) and let 7 be a past-directed timelike curve 
from p. Then 7 must meet S°. Since S° C S° C S q by hypothesis, 7 must 
meet dJ~{q) at a point x. By Theorem 14. 1[ there exists a past-directed 
null geodesic from x to a point in edgeS q . By combining the timelike curve 
7 and the null geodesic, we have p € I + (edgeS q ). By the definition of edge, 
this implies that a past-directed timelike curve from p can reach a point 
in E outside S q . However, this contradicts to S p C S q . Thus we have, 
p G J (q) and p < q. □ 

By combining Proposition ^. H and Proposition ^. 71 we have the following 
theorem. 

Theorem 4.2. Let p and q be in J + (S). 
TVien p < q if and only if S p C S q . 

Now we can prove how the causally admissible slices of £ determine 
timelike relations in J + (E). 

Theorem 4.3. Let p and q be in J + (S). 

Then p <C q if and only if S p C S q and edgeS p D edgeS q = 0. 

Proof. The "only if part is proved in Proposition ^. 21 It remains to show 
the "if part. By Proposition ^. 71 S p C S q implies that p < q. If p — > q, then 
we havep G dJ~(q) and by Theorem l4.1l again. there exists z G edgeS q such 
that two null geodesies z — > p and p — > q constitute a single null geodesic. 
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However, this implies that z £ edgeS p (~l edgeS q , which is a contradiction. 
This contradiction stems from the assumption that p — > q. Therefore, we 
must conclude that p <C q. □ 

We next investigate how the causally admissible slices determine the 
horismos relations in J + (S). 

Proposition 4.8. Let p and q be in J + (E) and such thatp ^ q andp — * q, 
then S p C S q and edgeS p Pi edgeS q has only one element. 

Proof. It is obvious that S p C S q . If edgeS p C\edgeS q ~ 0, then by Theorem 
I4.3( we have p <C q, which is a contradiction. Thus the set edgeSp n edgeS q 
has at least one point. Let us assume that edgeS p C\edgeS q has two different 
points x and y. Then, x — > p and p — > q implies that x < q. On the other 
hand, x E edgeS q implies that x — > q. In other words, two null geodesies 
x — > p and p — > q constitute a single null geodesic. 

Since y E edgeS p , we have y —> p. If we follow the null geodesic from 
y to p and then follow null geodesic from p to we have y <C 9 by the 
uniqueness of geodesic. This contradicts to the fact that y € edgeS q . This 
contradiction stems from the assumption that edgeS p R edgeS q has more 
than one point. Thus, edgeS p DedgeS q must have exactly one element. □ 

We now prove the converse of the above proposition. 

Proposition 4.9. Let p and q be in J + (S) such that p q. If S p C S q 
and edgeS p PI edgeS q has only one element, then p q. 

Proof. By Theorem l4.2l S p C S q implies p < q. Let x be the unique clement 
in edgeS p PI edgeS q . Then, we have x — ► p and x — > 9. If we assume that 
p ^ q, then p < § and thus we have x ^ q. This is a contradiction to 
a; — ► g. Therefore we must have p ^ q. □ 

By combining the above two Propositions, we have the following theo- 
rem. 

Theorem 4.4. Let p and q be two different points in J + (S). 

Then p — > q if and only if S p C S q and edgeS p (~l edgeS q has only one point. 

5. Functions preserving causally admissible system 

In the previous sections, we have defined causally admissible slices in 
Cauchy surface E and investigated its properties in connection with causal 
properties of M. In this section, we show how the future admissible slices 
determine the structure of 7 + (E). Since / + (E) is open in M, / + (S) is a 
space-time in its own right. 

Let C + be the set of all future admissible slices of M with respect to E. 
That is to say, C+ = {S p = J~(p) n E | p E J+(E)} and we call it future 
admissible system. 
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In the following, we review some known results and we apply the results 
in previous sections to get new results. 

Definition. A bijective function / : M — > M' is called a causal isomor- 
phism if p < q f(p) < f(q) and a chronological isomorphism if p <C q 
f{p) -C f(q)- If there exists a causal isomorphism (chronological isomor- 
phism, resp.) between M and M', then we say that M and M' are causally 
isomorphic (chronologically isomorphic, resp.). 

The followings are well-known facts and can be found in Ref. [3], [I], 

Theorem 5.1. Let f : M — » M' &e a bijection between two chronological 
space-times. Then the followings hold. 

(i) f is a causal isomorphism if and only if f is a chronological isomor- 
phism. 

(ii) If f is a causal isomorphism, then f is a homeomorphism. 

(Hi) If f is a causal isomorphism, then f is a smooth conformal diffeomor- 
phism. 



Let M and M' be globally hyperbolic space-times with non-compact 
Cauchy surfaces E and £', respectively. We assume that E and E' be given 
the corresponding future admissible systems C + and C /+ , respectively, and 
we denote these by (E,C+) and (E',C'+). 

In view of Theorem 15.11 for two space-times / + (E) and I + (E') to be 
causally isomorphic, it is natural to expect that there be a globally defined 
causal isomorphism between / + (E) and J + (E'). However, as the following 
theorem shows, we only need a bijection between E and E' which preserves 
the structures of C + and C' + . 

Theorem 5.2. If f : (E,C + ) — > (E',C /+ ) is a bijection that satisfies the 
following two conditions, then / + (S) and / + (E') are causally isomorphic. 

(i) For any S S C + , f(S) € C' + and for any S' G C /+ , there exists S G C + 
such that f(S) = S' . 

(ii) For any Si, S2 in C + , we have Si C S2 if and only if /(Si) C /(S2). 

Proof. We show that any function / that satisfies the two conditions can 
be extended to a globally defined causal isomorphism not only between 
/+(E) and /+(£') but between J+(E) and J+(E'). 

Define /+ : J + (E) — > J + (E') as follows. For given p G J + (E), we have 
S P = r(p)nS in C+. Then, by condition (i), f(S p ) G C'+. By definition 
of C /+ , there exists a unique point p' G J + (E') such that S p > = f(S p ) by 
Proposition [XI Define /+ : J+(E) -> J+(E') by letting f+{p) = p' . i.e. 
Sf+( p j — f{S p ). Then by Proposition 13. 2\ f + is well-defined and, since 
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/ = /+ on £, / + is an extension of /. We now show that / + is a causal 
isomorphism between J + (£) and J + (£'). 

(i) f + is injective. : 

If f + (p) = f + (q), then f(S p ) = /(S 9 ) by the property that S f+(p) = f(S p ). 
Since / is a bijection, we have S p = S q and thus p = q by Proposition 13. 21 

(ii) / + is surjective. : 

For any p 1 6 J + (£'), we have 6 C' + . By the condition (i), there ex- 
ists S p £ C + such that f(S p ) = S p /. Then by definition of / + , we have 
f + (p)=p'. 

(iii) / + is a causal isomorphism. : 

Let p < q in J + (£). Then by Theorem K2\ we have S p C S q . By 
the condition (ii), we have f(S p ) C f(S q ) and thus Sf+t p ) C Sf+/ q \. 
Then, by Theorem 14. 2[ f + (p) < f + (q)- Conversely, let us assume that 
f + (p) < f + (q) in J + (S')- Th en by definition of /+ and Theorem gjj we 
have 5'/+(p) C Sf+( q y By the condition (ii), f(S p ) C f(S q ) implies that 
S p <Z S q . Then we have p < q by Theorem 14.21 

(iv) /+(!+(£)) = !+(£')• : 

Since £ is a spacelike Cauchy surface, we have J + (£) — £ = 7 + (£). Fur- 
thermore, since /+ : J + (£) —* J + (£') is an extension of / : £ — ► £' and 
both are bijections, we have / + (/+(£)) = I + (£'). 

This completes the proof. □ 

Since the above function / which satisfies the given two conditions gives 
us the simple criterion to causal isomorphism, we give it the following 
definition. 

Definition. If a bijection / : £ — > £' between two non-compact Cauchy 

surfaces satisfies the above two conditions, then we call / a future admis- 

/ 

sible function and we denote it by (M, £, C + ) = (M',£',C' + ) 

In Section we have seen the equivalent conditions for two points to 
be chronologically, causally, and horismos related in terms of their future 
admissible slices. At first glance, it seems to be that the relations are 
independent. However, Theorem 15 . 1 1 and Theorem [521 tell us the following. 

Corollary. If f : (S,C + ) — > (£',C' + ) is a future admissible function, then 
the fallowings hold. 

(i) If S± and S2 in C + are such that S% C S2 and edgeS\ H edgeSi = 0, 
then /(Sr) n f(S 2 ) = 0. 
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(ii) If Si and S2 in C + are such that S\ C S2 and edgeSi HedgeS^ has one 
element, then edgef{S\) PI edgef (S2) has one element. 

Proof. Since / is a future admissible function, the induced function / + : 
/ + (S) — > J + (E') is a causal isomorphism. By Theorem 15.11 / + is also a 
chronological isomorphism. Thus, if two future admissible slices Si and 
are such that Si C S 2 and edgeSi D edgeS2 — 0, then their representative 
points are chronologically related. Since / + is a chronological isomorphism, 
the image of the representative points under / + must be also chronologi- 
cally related. Therefore the result follows from Theorem 14.31 The second 
part can be proved in a similar way by Theorem 14.41 □ 

Although we have presented the materials in terms of future admissible 
slices and future admissible functions, the same results hold for past ad- 
missible slices and past admissible functions. For the sake of completeness, 
we state the terminology and its properties in the followings. 

To distinguish future admissible slices and past admissible slices, we 
denote future admissible slice by S+ and past admissible slice by S~ . To 
investigate the causal structure of J~(E), we define C~ to be the set of all 
past admissible slices of M with respect to £. 
i.e.C" = {S- = J+(p) n S I p e J _ (E)}. 

Theorem 5.3. Let p and q be in J _ (£). Then the followings hold. 

(i) p < q if and only if S~ C S~ . 

(ii) p <C 3 if and only if S~ C S~ and edgeS~ n edgeS~ = 0. 

(Hi) p — * q if and only if S~ C S~ and edgeS~ (~l edgeS~ has only one 
element. 

Definition. If a bijection / : (£,C~) — » (£',C'~) between two non- 
compact Cauchy surfaces satisfies the following two conditions, then we 
say that / is a past admissible function. 

(i) For S eC" f(S) G C'~ and for any S' £ C'~, there exists SeC" such 
that f(S) = S'. 

(ii) For any Si, S 2 in C~, we have Si C S2 if and only if f(Si) C f(S 2 )- 

We now state the dual form of Theorem 15. 2[ of which the proof can be 
completed by the similar manner. 

Theorem 5.4. If f : (E,C~) — > (£',C'~) is a past admissible function, 
then I~(S) and Z _ (E') are causally isomorphic. 

The proof of Theorem 15.21 and Theorem 15.41 tell us that for </ + (£) and 
J~(E) to be causally isomorphic to J + (S') and J _ (S'), respectively, we 
only need to compare the structures between C = C + UC~ and C = C' + UC'~ 
in which we identify Sp and S~ for p G E. 
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Definition. For a given non-compact Cauchy surface E, the set C = C + U 
C~ is called causally admissible system on E. 

Definition. A bijection / : E — > E' between two non-compact Cauchy sur- 
faces is called a causally admissible function if / is both a future admissible 
function and a past admissible function. 

We remark that a causally admissible function / : E — ► E' need not 
assumed to be continuous since its definition and Theorem 15 . 1 1 implies that 
/ must be a homeomorphism as the following theorem shows. 

Theorem 5.5. Two space-times M and M' with non-compact Cauchy sur- 
face E and E' are causally isomorphic if and only if there exists a causally 
admissible function f : (E, C) — ► (E',C) between the corresponding causally 
admissible systems. 

Proof. By Theorem 15.21 and Theorem 15.41 a causally admissible function 
/ : (E, C) — » (E',C) can be extended to future admissible function /+ : 
J+(E) -> J+(E') and past admissible function /" : J~(E) -> J"(E'), 
which are causal isomorphisms. Since /+ = f~ = f on E, we can define 
F : M -► M' by F(p) = /+(p) if p G J+(E), F(p) = /~(p) if p G /-(E) 
and F(p) = /(p) if p G E. Since F is a causal isomorphism when restricted 
to J + (E) and J~(E), it remains to show that forp G ^ _ (E) and g G I + (E), 
p < q if and only F(p) < F(q). 

Assume that p < q and let 7 be a causal curve from p to q in M. 
Since M is globally hyperbolic, 7 must meet E at x, say. Since x < q, by 
Theorem 14.21 we have 5+ = {a;} C 5+ and likewise, by Theorem 15.31 we 
have S~ — {x} C S~. Since / is a causally admissible function, we have 
f(S+) C f(S+) and C f(S-). This implies that f(S+) n 

is non-empty since it has /(a;) as its common element. Therefore, we can 
conclude that F(p) < F(q) since F(p) < F(x) and F(x) < F(q). By 
following the same manner, we can show that if F{p) < F(q), then p < q. 

We now assume that M and M' be causally isomorphic and g : M — > M' 
be their causal isomorphism. If wc let E be a spacelike Cauchy surface of 
M, then E' = 5(E) is a smooth spacelike hypersurface of M' since g is 
a conformal diffcomorphism by Theorem 15.11 Let 7' be an inextendiblc 
timclike curve in M', then o 7 is also an inextendible timelike curve in 
M. Since E is a Cauchy surface in M, g^ 1 o 7' must meet E exactly once 
at x, say. Then 7' meets E' exactly once at g(x). Thus, E' is a Cauchy 
surface of A/'. We now define a causally admissible functions / : E — > E' 
by use of the causal isomorphism g. i.e. We let f{x) = g(x) for x G E, 
then obviously / is a bijection. It remains to show that / is, in fact, a 
causally admissible function. For p G J + (E), let S£ = J~(p) H E. Then, 
since 3 is a causal isomorphism, we have g(J~{p)) = J~(g(p)). Thus, 

f(S+) = g(j-( P ) n E) = 3 (J-(p)) n 5 (E) = J-foCp)) n E' = 5+ p) G C'+. 
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Likewise, we can show that for any S' <E C' + , there exists S € C + such that 
f(S) = S'. If 5i and S 2 in C+ arc such that Si C S 2 , then g(Si) C g(S 2 ) 
implies that /(Si) C /(S2) and vice versa. By definition, / is a future 
admissible function. Likewise, we can show that / is a past admissible 
function and the proof is completed. □ 

The following Theorem, which can be obtained by combining Theorem 
15.11 and Theorem l5.5[ states that when a space-time M is given, its metric 
structure can be encoded into its non-compact Cauchy surface by the family 
of compact subsets of the Cauchy surface. 

Theorem 5.6. Let M and M' be globally hyperbolic with non-compact 
Cauchy surfaces £ and £'. If there exists a causally admissible function 
f : (£, C) — > (£',C) between the causally admissible systems, then M and 
M' are isometric up to a conformal factor. 

From Theorem [5HJ we can see that causal structure determines the met- 
ric structure of given space-time up to a conformal factor. By the above 
Theorems, we can see that, for given space-time M, its causally admissi- 
ble system determines its causal structure and the space-time metric up to 
a conformal factor. Since causally admissible system consists of compact 
subsets of non-compact Cauchy surface, we can say that all the causal struc- 
ture, chronological structure, differentiable structure and metric structure 
up to a conformal factor can be encoded into its Cauchy surface by causally 
admissible system. 

If we see the non-compact Cauchy surface £ as the whole "space" of our 
universe at one instant of time, then the above theorems tell us that the 
"space" and the collection of its compact subspaces determines the whole 
structure of our universe. For example, the structures of the Robertson- 
Walker space-time model with k = and k > can be determined from 
its "spacelike" structures. 
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